Abstract: Four-wave optical parametric amplification (FWOPA) in a Raman-active medium is experimentally investigated by use of an air-filled hollow fiber. A femtosecond pump pulse shorter than the period of molecular motion excites the coherent molecular motion of the Raman-active molecules during the parametric amplification of a signal pulse. The excited coherent motion modulates the frequency of the signal pulse during the parametric amplification, and shifts it to lower frequencies. The magnitude of the frequency redshift depends on the pump intensity, resulting in intensity-dependent spectral characteristics that are different from those in the FWOPA induced in a noble-gas-filled hollow fiber.
Introduction
Nonlinear optical effects have been investigated in various media for broadband light amplification. In particular, the optical parametric amplification via the second-order nonlinearity of a birefringent crystal has allowed broadband light amplification supporting sub-10-fs pulses in the visible and infrared wavelength regions [1, 2] . The amplification bandwidth is further extended by the multi-wavelength pumping scheme [3, 4] . The high amplification gain reached by the parametric amplification has led to the generation of sub-10-fs optical pulses with terawatt peak powers [5, 6] . Such a highly intense pulse has been applied to initiate the relativistic light-matter interaction generating monoenergetic electrons [7] .
OPEN ACCESS
The parametric amplification based on third-order nonlinearity, nonresonant four-wave optical parametric amplification (FWOPA), also amplifies light in a broad spectral range [8] [9] [10] [11] . An amplification gain as high as 100 has been reached in bulk media such as water and glasses [8, 9] . By the use of a picosecond pump pulse, amplification up to a submillijoule pulse energy has been demonstrated [8, 9] . The use of a gaseous medium has also led to an amplification gain that is similar to those in bulk media as well as a broad amplification bandwidth supporting a sub-10-fs pulse duration [11] . In the scheme of the FWOPA, self-phase modulation (SPM) and cross-phase modulation (XPM) simultaneously induced by an intense pump pulse significantly alter the phase matching condition by the induction of the nonlinear phase mismatch. It modifies the wavelength dependence of the amplification gain to what is not predicted by the linear phase mismatch.
When a Raman-active gas medium and a pump pulse that is shorter than the period of molecular motion (vibration or rotation) are utilized in the FWOPA, it is expected that the coherent molecular motion is impulsively excited by the pump pulse via impulsive stimulated Raman scattering [12] . Such coherent motion induces the ultrafast variation of the refractive index of the medium, modulating the frequency of a laser pulse with an arbitrary wavelength copropagating with the pump pulse [13] as well as that of the pump pulse [13] [14] [15] [16] . The coherent molecular motion is also expected to have effects on the amplification characteristics of the FWOPA. It has, to our knowledge, not been experimentally investigated how the coherent motion alters the amplification characteristics of the signal pulse being amplified via the FWOPA induced in a Raman-active gas.
In this research, the effect of coherent molecular motion on the signal amplification via the FWOPA is investigated by use of an air-filled hollow fiber. A femtosecond pump pulse impulsively excites coherent molecular rotations or coherent rotational wavepackets [15, 16] during the FWOPA. The wavepackets modulate the frequency of the signal pulse being amplified, leading to a continuously redshifted spectrum of the amplified signal pulse. The amplification characteristics in the Raman-active medium are different from those of the FWOPA induced in a noble-gas filled hollow fiber.
Theoretical Background
In the degenerate FWOPA, two input pulses, a pump pulse (p) and a signal pulse (s), generate an idler pulse (i) via the degenerate four-wave mixing (FWM) for which the energy conservation law of i = 2p -s is satisfied, where l is the angular frequency of each pulse. During the interaction of the FWM, the signal pulse is parametrically amplified by the energy transfer from the pump pulse to the signal pulse [8] [9] [10] [11] . In addition, the pump pulse induces nonlinear refractive index in the medium, which in the case of a Raman-inactive medium like a noble gas, originates from the instantaneous response of the bound electrons. The induced nonlinear refractive index is proportional to the intensity of the pump laser pulse, Ip, as:
, where the electric field of a laser pulse is assumed to be expressed as .
, with the slowly-varying amplitude, Al(t), propagation constant,βl, and angular frequency, l, respectively. n, n2,elec, and ) 3 ( ele  stand for the linear refractive index, nonlinear refractive index coefficient, and the corresponding third-order susceptibility, respectively. The phase modulation arising from the induced nonlinear refractive index alternates the amplification behavior of the signal pulse in the FWOPA [11, 17] .
In case of the FWOPA in a Raman-active medium, nonlinear response originating from coherent molecular vibration and rotation needs to be taken into account. A pump pulse propagating through a Raman-active medium impulsively excites coherent molecular motion when the duration of the pump pulse is shorter than the period of the motion [12, 13] 
, respectively, are the polarizability along the symmetry axis of the molecules and that along the axis perpendicular to the symmetry axis. J is the population of the rotational level J, and ZJ is the constant that takes into account the quantum effects of nuclear statistics. The response function contains the angular frequency difference between the coupled rotational levels,
  [19] .
In both cases of molecular vibration and rotation, the frequency of the pump pulse redshifts during the excitation of coherent molecular vibration [13, 14] or rotation [19] . This arises from the delayed nuclear response 2,nuc () nt  originating from the coherent molecular vibration or rotation induced by the pump pulse. When another laser pulse copropagates with the pump pulse, the frequency of the laser pulse is also modulated by the similar manner as the pump pulse. Under the presence of such nuclear response, the coupled equations for the propagation of the pump, signal, and idler pulses for the degenerate, nonresonant FWOPA [11] may be written as:
under the slowly varying envelop approximation [20] . ∆β is the linear phase mismatch (∆β = βs + βi -2βp) which dominates the efficiency of the parametric amplification. The intensities of the signal and idler pulses are assumed to be too low to induce the electronic Kerr effect, as is the case in the experiments described below. The first terms on the right sides of Equations (1) and (2) relate to SPM and XPM resulting from the response of the bound electrons, and the third terms account for the degenerate FWM. The second terms on the right sides of the equations are related to the delayed nuclear response to the fields, originating from the coherent vibration or rotation. In the case of the FWOPA in a Raman-active medium, the nonlinear refractive index originating from the delayed nuclear response is expected to result in a continuous spectral redshift of the pump pulse, which is related to the second term in Equation (1) . When the signal and idler pulses copropagate with the pump pulse, these laser pulses should experience the similar spectral redshift. The simultaneous phase modulation by the coherent motion (the second term) and the parametric amplification (the third term in Equation (2)), therefore, result in a spectral redshift of the signal spectrum during the parametric amplification. This is schematically explained in Figure 1b . The magnitude of the redshift depends on the induced nonlinear refractive index, and hence, a medium with a large Raman gain coefficient leads to a large spectral redshift. In case of a Raman-inactive medium, on the other hand, the second terms on the right sides of the coupled equations are missing and the signal pulse is solely phase modulated by the SPM and XPM induced by the instantaneous response of the bound electrons. The frequency of the signal pulse is modulated to both higher and lower frequencies, and the center of gravity of the spectrum remains unchanged as is schematically drawn in Figure 1a . The spectral red-shift is hence expected to be observed only in a Raman-active medium. Figure 1 . The schematic drawing of the four-wave optical parametric amplification (FWOPA) in (a) Raman-inactive and (b) Raman-active media. The wavelength of the signal pulse is assumed to be shorter than the wavelength of the pump pulse as in the experimental condition in this research.
Experimental Investigation
For the experimental observation of the above spectral shift during the FWOPA, an experimental setup similar to that described elsewhere was employed [11] . As shown in Figure 2 , a small portion of the output pulse from a Ti:sapphire chirped-pulse amplifier (CPA, 1 kHz, 1 mJ, 100-fs, 784 nm, Concerto, Thales) was focused into a sapphire plate with a thickness of 3 mm for the generation of a white-light continuum. The continuum served as an input signal (seed) pulse for seeding the FWOPA, while the remaining part of the near-infrared (NIR) pulse was used as a pump pulse. The pump pulse was sent to an optical delay line after being passed through a variable neutral-density filter. The two pulses were then spatially combined by a dichroic mirror reflecting the pump wavelength component while transmitting the signal pulse, and were focused into a hollow fiber (single-hollow-core capillary made of fused silica, a core diameter of 140 m, an outer diameter of 1.6 mm, 0.5 m long) using an aluminum-coated concave mirror with a focal length of 500 mm. Two types of gas media were utilized for filling the core of the hollow fiber: argon gas (Raman-inactive gas) and air (Raman-active gas). For the argon gas, the hollow fiber was placed in a vacuum chamber with a gas pressure of 0.7 bar equipped with fused-silica windows with a thickness of 0.5 mm. The gas pressure has given a large amplification gain as reported elsewhere [11] . For the air, the hollow fiber was put in the atmosphere and the pressure was 1 bar. After being separated from the pump pulse by a dichroic mirror, the signal pulse emerging from the hollow fiber was focused into a multi-channel spectrometer for spectral measurement (USB2000, Ocean Optics) using an aluminum-coated concave mirror with a focal length of 200 mm. 
Results and Discussion
In the FWOPA induced with a gas-filled hollow fiber, it is possible to balance the material phase mismatch and the modal phase mismatch by properly selecting the core diameter of the hollow fiber [21] . The core diameter of the air-filled hollow fiber of 140 m used in the experiment leads to a small linear phase mismatch over signal wavelengths of 600-784 nm for the pump and signal pulses propagating as the fundamental mode of EH11. This estimation is based on the wavelength dependence of the linear phase mismatch calculated by taking into account the dispersion of the refractive index of air [22] and the waveguide dispersion [23] . The core diameter of 140 m is also appropriate for the FWOPA in the argon-filled hollow fiber at the similar gas pressure [11] . For a high-order mode to be involved in the interaction of the FWOPA, a much higher gas pressure than the present experiment or combination of high-order modes is necessary: the latter results in amplification only at a specific signal wavelength [11] . In the experiment, the beam diameters of the input pump pulses were carefully adjusted by choosing the appropriate focusing mirror to couple the input beams into the EH11 mode and not to induce a high-order propagation mode. The beam diameter of the pump pulse was 120 m at the entrance of the fiber. The output beams projected on a white screen had Gaussian-like spatial intensity distributions, including the pump pulse and the signal pulses with and without the amplification by the FWOPA. This indicates that the FWOPA in the present study was induced by the EH11 propagation mode. The estimated pulse energy of the signal pulse launched into the hollow fiber was less than one nanojoule. The input signal pulse contained continuous spectral components from 450 nm to 700 nm and the bandwidth was much broader than that of the pump pulse as in the previous research [11] . The pulse duration of the signal pulse was 
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Hollow fiber also longer than the pump-pulse duration, and the signal pulse was positively chirped. The pulse duration of the signal pulse was estimated to be about 700 fs in the hollow fiber from the data of the delay-dependent spectral change in the signal pulse which will be discussed later. Only a limited portion of the spectral components in the signal pulse hence temporally overlapped with the pump pulse for the induction of the FWOPA. The wavelength of the overlapped signal spectral component increased with an increase in the time delay of the signal pulse with respect to the pump pulse.
Spectral Redshift during Signal Amplification
The wavelength of the signal pulse overlapped with the pump pulse was adjusted to around 560 nm. In the argon-filled hollow fiber, the signal pulse was frequency modulated as shown in Figure 3a as a result of the XPM induced by the pump pulse with an energy of 150 J. The spectral intensity of the signal pulse decreased at around 560 nm and increased at around 510 nm and 610 nm, resulting in nearly bilaterally symmetric spectral modulation. This is consistent with the spectral characteristic that is expected for the XPM discussed above. When the pump pulse energy was increased to 470 J, the signal pulse energy increased by the FWOPA as shown in Figure 3b . The center of gravity of the amplified spectral components did not change from 560 nm during the amplification. This is consistent with the expected characteristics for the FWOPA in a Raman-inactive medium discussed in above. Figure 3 . Spectra of output signal pulses from (a,b) the argon-filled hollow fiber and (c,d) air-filled hollow fiber. Solid lines and broken lines are the spectra obtained with and without use of the pump pulse, respectively. The energy of the pump pulse was 150 J for (a) and (c), while 470 J and 310 J for (b) and (d), respectively. All the spectra are normalized to the peak intensity of the output signal spectrum obtained without use of the pump pulse.
For the air-filled hollow fiber, the spectrum of the signal pulse was as shown in Figure 3c when the pump pulse with an energy of 150 J was focused into the hollow fiber together with the signal pulse. The characteristics of the spectral modulation were similar to those observed for the argon gas, and the signal pulse would have been modulated mainly by the XPM. The signal pulse was amplified when the pump pulse energy was increased. The spectrum of the signal pulse emerging from the air-filled hollow fiber changed to that shown in Figure 3d with the increase of the pump energy to 310 J. The spectral characteristics in the amplification were different from those observed for the argon-filled hollow fiber. The energy of the signal pulse increased mainly at long wavelengths around 630 nm which was longer than the wavelength of the spectral component temporally overlapped with the pump pulse (around 560 nm). The wavelength of the spectral peak continuously increased with an increase in the pump pulse energy.
Excitation of Rotational Wavepackets by the Pump Pulse and the Signal Modulation
To investigate if the above spectral redshift during the amplification related to a coherent motion induced by the pump pulse, the spectrum of the output pump pulse was measured as shown in Figure 4 . When the pulse energy of the pump pulse increased from 150 J to 310 J, a part of the pump spectrum continuously shifted to long wavelengths to form a spectral peak at 822 nm when the energy reached 310 J or the center of gravity of the spectrum of the pump pulse shifted to the longer wavelength. The spectral redshift of the pump pulse indicates the generation of coherent motion [13, 14] . Since the pump pulse duration was shorter than the periods of molecular rotations of the nitrogen and oxygen contained in air, the coherent rotational wavepackets of these molecules would have been excited. Figure 4 . Spectra of the output pump pulses from the air-filled hollow fiber at pump energies of 150, 200, 260, and 310 J, respectively. Each spectrum is normalized to its peak intensity.
The excitation of the rotational wavepackets was also confirmed by measuring the spectral change in the signal pulse while scanning the time delay of the signal pulse with respect to the pump pulse. For this, the optical path length of the pump pulse was decreased using the delay line in the beam line of the pump pulse shown in Figure 2 to delay the signal pulse. The spectrum of the signal pulse emerging from the hollow fiber was recorded with the spectrometer at various time delays. The delay of the signal pulse was scanned from −0.5 ps to 12 ps with a step size of 70 fs, and the energy of the input pump pulse was 300 J. The signal spectrum at a time delay of −0.8 ps was subtracted from all the measured spectra to clearly show the spectral change with the time delay. The resulting two-dimensional difference spectra Figure 5a which are normalized to the peak spectral intensity of the subtracted spectrum. The origin of the time delay (0 ps) was defined as the delay at which the amplified signal spectrum peaked at 610 nm as schematically depicted in Figure 6a . Spectral change was observed even when the signal pulse was completely separated from the pump pulse, for instance, at time delays of around 2, 4, 6, 8, 10, and 12 ps as indicated by Figure 5a ,c. The wavelength at which the signal pulse was modulated shifted to a long wavelength with an increase in the time delay of the pump pulse because of the positive frequency chirp of the signal pulse. This periodic spectral modulation with a period of 2 ps is explained by the phase modulation by the revivals of the rotational wavepackets [16, 19, 24, 25] . The period of 2 ps agrees with half the period of the full revival of the molecular alignment of nitrogen molecules [16, 19] . There is also spectral modulation at a delay of about 3 ps, indicating the presence of rotational wavepackets of oxygen molecules [19] . The spectral modulation originates from numerous optically allowed rotational Raman transitions excited within the bandwidth of the pump pulse [19] . The above observations suggest that the spectral redshift of the pump pulse observed in Figure 4 was due to the phase modulation by the rotational wavepackets of nitrogen in the air, which was excited by the pump pulse. The signal pulse that copropagated with the pump pulse was also phase modulated by the rotational wavepackets at positive time delays. When the pump pulse and the signal pulse were temporally overlapped, the signal pulse would have also been modulated by the wavepackets in addition to experiencing the energy amplification via the FWOPA. The phase modulation would have been the source of the spectral redshift during the amplification of the signal pulse observed in Figure 3d as discussed in the second section.
The phase modulation by the rotational wavepackets alone does not change the energy of the signal pulse. At time delays longer than 1 ps, the signal and pump pulses were completely separated in time from each other as schematically depicted in Figure 6c . No variation of the pulse energy was observed for the signal pulse in the delay range, and only the spectral modulation was observed. At a time delay of 0.53 ps, increase in the energy was observed (see Figure 5b ,c). This intensity change was also observed in the Ar-filled hollow fiber, suggesting that it is not arising from the effect of the rotational wavepackets nor the FWOPA seeded by the visible spectral component in the signal pulse. Instead, it was due to the idler generation via the FWOPA seeded by an NIR spectral component (950-1200 nm), which was also contained in the signal pulse as schematically shown in Figure 6b corresponding idler spectral components in the visible spectral range (580-670 nm). The NIR spectral component in the input signal pulse was generated in the sapphire crystal and was simultaneously focused into the hollow fiber together with the other spectral component of the signal pulse. . All the spectra are normalized to the peak intensity of the output signal spectrum obtained without use of the pump pulse.
The signal pulse was amplified via the FWOPA within the delay range from −500 to 500 fs, and the peak wavelength of the amplified signal pulse was tunable. Four typical amplified spectra measured at time delays of −200 fs, −130 fs, 0 fs, and 130 fs obtained when using a pump pulse with an energy of 460 J are shown in Figure 7 . The tunable range of the peak wavelength was from 530 nm to 660 nm, and the spectral peak intensity increased by up to 30 times by the FWOPA. The amplification rate was lower than that observed for the argon-filled hollow fiber. The rate might be improved by the optimization of the pressure of air for better phase matching or by use of a hollow fiber with other core diameter. The pressure also affects the wavelength range in which the amplification is observed. Amplification of light has also been reported in previous research using another third-order nonlinearity, stimulated Raman scattering [26] [27] [28] [29] . The amplification relies on the nonlinearity originating from the nuclear response of molecules. For the amplification via stimulated Raman scattering, the frequency separation between the pump pulse and the seed pulse being amplified needs to be matched to the Raman shift, and the frequency of the seed pulse needs to be lower than that of the pump pulse. When the pulse duration of the pump pulse is shorter than a molecular motional period, the dynamics changes to impulsive stimulated Raman scattering that continuously shifts the frequency of the short pump pulse to a lower frequency. This was observed in previous researches [13, 14, 19] and in the present research as shown in Figure 4 . This process does not require any phase matching.
Contrary to the amplification by stimulated Raman scattering, the amplification of light in the present research relies on the nonresonant FWM [10, 11] that originates from the instantaneous response of the bound electrons rather than the nuclear response. The FWOPA poses no limitation on the frequency separation between the two input pulses, pump and signal pulses, except that the signal frequency must be lower than twice the pump frequency. The signal frequency can be both lower and higher than that of the pump pulse, and the FWOPA involves an energy flow from the pump pulse into the signal pulse being amplified and that into the idler pulse. The phase matching condition needs to be satisfied in this process. When the FWOPA is induced in a Raman medium and the nuclear response discussed above is simultaneously excited through impulsive stimulated Raman scattering, the excited nuclear response redshifts the signal frequency during the amplification as observed in the present research. When the signal pulse is delayed with respect to the pump pulse, no energy flow from the pump pulse into the signal pulse occurs. Only the frequency modulation of the signal pulse by the nuclear response is observable as in Figure 5 , and as observed in the previous reports [13] [14] [15] [16] 18, 19, 24, 25] . The Raman resonant FWM [30] [31] [32] [33] [34] [35] may also be employed for the FWOPA. The amplification in this case would be observable only at a specific signal wavelength determined by the Raman shift. When an additional Raman mode is impulsively excited other than the Raman mode responsible to the FWOPA, the spectral redshift may also be induced during the signal amplification.
Conclusions
In conclusion, the FWOPA in a Raman-active gas has been investigated by utilizing an air-filled hollow fiber. Rotational wavepackets of molecules are excited by a femtosecond pump pulse during the FWOPA. The phase modulation by the rotational wavepackets leads to a spectral redshift of the signal pulse during the amplification as well as a spectral redshift of the pump pulse. The magnitude of the shift depends on the pump energy which determines the amplitude of the coherent motion being excited. The spectral shape of the amplified signal pulse is therefore not determined only by the FWOPA process, but is also affected by the response of the wavepackets as well as SPM and XPM. The FWOPA in the Raman-active gas produces an amplified signal pulse with a center wavelength that is longer than that of the signal pulse amplified in a Raman-inactive medium. The magnitude of the shift depends on the intensity of the pump pulse inducing the FWOPA.
